Based on a generic construction, two classes of ternary three-weight linear codes are obtained from a family of power functions, including some APN power functions. The weight distributions of these linear codes are determined through studying the properties of some exponential sum related to the proposed power functions.
Introduction
Throughout this paper, we assume that p is an odd prime. 
Let
where Tr m 1 (·) is the trace function from F p m to F p [16] . Assume D(a) contains l a different elements β 1 , β 2 , · · · , β la . For each a ∈ F p , we define a linear code of length l a over F p by C D(a) = {(Tr 
and call D(a) the defining set of this code. In this paper, we study the linear codes C D(a) defined by Table 1 , where e = gcd(k, m). 
The remainder of this paper is organized as follows. Section 2 gives some preliminaries and notation, including some useful lemmas. In Section 3, we calculate the weight distributions of two cyclic codes with three nonzero weights. Section 4 concludes the study.
Preliminaries
Let e be a divisor of a positive integer m. The trace function from F p m to F p e is defined as for any x ∈ F p m . Throughout this paper we assume that q = p e and h = m e . Then F p m = F q h . By identifying the finite field F q h with the h-dimensional F q -vector space F h q , a function from F q h to F q can be regarded as an h-variable polynomial over F q . In this sense, a function f (x) from F q h to F q is called a quadratic form over F q if it can be written as a homogeneous polynomial in
The rank r of the quadratic form f (x) is defined as the codimension of the F q -vector space
For each nonzero quadratic form f (x) from F q h to F q , there exists an h × h symmetric matrix A such that f (x) = X T AX, where X is written as a column vector and its transpose is
q . By Theorem 6.21 of [16] , there exists a nonsingular matrix B of order h such that B T AB is a diagonal matrix diag (a 1 , a 2 , · · · , a r , 0, · · · , 0), where r is the rank of the quadratic form f (x) and
Given a positive integer t, let η (t) (·) and χ (t) (·) denote the quadratic character and the canonical additive character of F p t , respectively. Namely,
and
where ω p = e 
where
is the Gaussian sum given by
From Lemma 1, one can derive the following lemma immediately.
Lemma 2 ([23, Lemma 1]) Let m = eh and f (x) be a quadratic form over F p e with rank r and the diagonal form given in (5) . Then,
From Lemma 2, it follows that for any quadratic form f (x) over F q with rank r,
Furthermore, if λ is a non-square in F p e , one has Let m, k be two positive integers such that m e is an odd integer larger than 1, where e = gcd(k, m). Define
and the associated exponential sum
Note that when u, v are not simultaneously zero, Q u,v (x) is a nonzero quadratic form over F p e . The properties of Q u,v (x) and the associated exponential sum T (u, v) have been intensively studied in [15, 21, 20, 23, 17, 18, 14, 22, 24] . The following results are useful in the sequel.
Lemma 3 Let Q u,v (x) be the quadratic form defined by (10) , where Lemma 6] and [24, Lemma 3.3 
be the exponential sum defined in (11) and ǫ = η (e) (−1). Table 3 . Moreover,
In addition, when p e ≡ 3 (mod 4), the value distribution of
p m can be settled in the following lemma. Table 4 , where c i , i = 0, 1, 2, are given by
Proof: When p e ≡ 3 (mod 4), −1 is a nonsquare in F * p e . Then, by Theorem 1 of [14] , the value
Combining this equality and Lemma 1, the value distribution of T (u, 0) as u runs through F * p m can be determined. Similarly, the value distribution of T (0, v) as v runs through F * p m can also be derived. Then, a straightforward calculation gives the desired result. (mod p e − 1).
In the sequel, we always assume that θ is a fixed non-square in F p e . Then θ is also a non-square in
Lemma 7 Denote by S the set of all square elements in F *
3 The weight distribution of C D(a)
In this section, we will give the proofs of Theorems 1 and 2. Before we begin the proofs, we shall make some preparations.
Let r u,v denote the rank of the quadratic form Q u,v (x) defined in (10) . It follows from (9) that for
This fact will be heavily used in the sequel.
Proposition 1 Let T (u, v) be the exponential sum defined in (11) . Then, for each ε ∈ {1, −1}, the
is equal to 
where ε ∈ {1, −1}. Recall that F * p m = S ∪ θS. By Lemma 4, one has
In the following, we will prove two statements:
2 |N θ,ε | for any ε ∈ {1, −1}. For the first statement, let u ∈ N 1,ε , then we have T (u, 1) = εp Therefore, u ∈ N 1,ε implies uθ ∈ N θ,ε . Similarly, we can prove the converse: if u ∈ N θ,ε , then u θ ∈ N 1,ε . Thus, there is a one-to-one correspondence between these two sets and we have |N 1,ε | = |N θ,ε | for each ε ∈ {1, −1}. Now we prove the second statement. Let (u, v) ∈ M 1,ε , then v is a square element in F * p m and we have
From (15), for each fixed v ∈ S, the number of u ∈ F *
is equal to |N 1,ε |.
The desired result follows from these two statements and (14).
Proposition 2 Let d be the integer satisfying (1) and
,
(mod p e − 1), Proof. Using the theory of exponential sums, one can express n a as follows:
where the third and the fifth equalities hold due to Lemmas 7 and 1, respectively, and the last equality holds since η (m) (x) = η (e) (x) for any x ∈ F p e . According to Lemma 6, we need to consider the following two cases.
for any a ∈ F p .
(mod p e − 1). Then, θ d = −θ and one has
We consider the following two subcases. 
Therefore, n a = p m−1 if a = 0 and otherwise,
From (8) in Lemma 1, the desired result follows.
In the proof of Proposition 2, we actually have calculated the value distribution of the following exponential sums.
and n a be defined in (16) . Then,
Proposition 3 Let T (u, v) be defined in (11) and n a given in Proposition 2. Define
(mod p e − 1), p e ≡ 3 mod 4 and a ∈ F * p , we have
Otherwise,
where θ is a non-square in F p e .
Proof: Using the theory of exponential sums, N (a, b) can be expressed as
where S(a) is given by Corollary 1 and
By Lemma 7, R(a, b) can be represented as
According to Lemma 6, the exponential sum R(a, b) will be investigated in the following two cases.
In this case, by Proposition 2, one has n a = p m−1 . Moreover,
For a given y ∈ F * p , one of y and yθ is a square in F * p e and the other is a non-square since η (e) (y)η (e) (yθ) = −1. Thus, it follows from (13) that
for given b ∈ F * p m , y ∈ F * p and z ∈ F * p . From (20) , (23) and (24), the desired result (19) in this case follows. 
When p = 3, by Proposition 3,
By (13), T (b, 1) + T (θb, θ) = 0 only if the rank of the quadratic form Q b,1 (x) is even, i.e., r b,1 = m e − 1. In this case,
In a similar way, we have 
When b runs through F * 
The following two cases are considered.
Case 1: e is even, or e is odd and d ≡ 1 (mod 3 e − 1). Then by Propositions 2 and 3, we have n a = 3 m−1 for each a ∈ F * 3 and
A similar analysis as for (27) in the proof of Theorem 1 yields the desired result. 
Note that −1 is a non-square in F * which are given in Table 5 , where c i , i = 0, 1, 2, are defined by (12) .
. Then, by Table 5 and (28), the possible weights of C D (1) in (4) 
value distribution of T (b, 1), we need to explore the relation between T (b, 1) and T (u, v). It seems to be a difficult problem.
As documented in [22] , there are a number of integers satisfying the congruence (1), where three classes of APN exponents are also covered. From Theorem 1, we have the following corollary. 
Then, these APN functions satisfy the congruence (1) and can be used for constructing
linear codes C D(0) with weight distribution given in Table 1 .
The following examples are provided for verifying the main results in Theorems 1 and 2, and they are confirmed by Magma. Using d 2 in the construction for a = 1 (resp. a = 2), denote the obtained linear code by C 1 (resp. C 2 ). Then, C 1 has length 6642 and its weight enumerator is Note that not all the possible weights of C 1 ( resp. C 2 ) disappear.
Conclusion
In this paper, two classes of three-weight ternary linear codes are obtained. Compared with the work in [3, 4, 5, 6, 7] , we utilized a family of power functions x d , including three classes of APN power functions, to construct the defining sets. We proceed our study mostly for general odd primes p, and obtained three-weight linear codes in the ternary case. The techniques and results in Propositions 1-3 would be useful for studying the weight distributions of other p-ary codes.
